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Abstract. We investigate the Schrédinger operators H,,(K), where K is the fixed quasi-
momentum of a pair of identical fermions on a one-dimensional lattice z . The system has both
nearest-neighbor and next-to-nearest neighbor interactions with parameters 1R and xeR,
respectively. We partition the (4,.)-plane into three connected components, G,, G,, and G,.
Each component of H,, (0) possesses 0, 1, or 2 eigenvalues above its essential spectrum’s upper
bound. We show that the upper threshold of H,,(0) becomes a super-threshold resonance when
the point (4, ) lies on the boundaries between these components, denoted by T, and ;.
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Panjaradagi ikki fermionli sistemaga mos shredinger operatorlarining spektral
xususiyatlari: xosgiymatlar va rezonanslar

Annotatsiya. Biz bir o‘lchovli panjara z ustida joylashgan bir xil fermionlar
juftining K kvazi-impulsi bilan bog ‘liq H,,(K) Shredinger operatorini o‘rganamiz. Tizimda eng
yaqin go‘shni va keyingi eng yaqin qo‘shnilar o‘rtasidagi 0‘zaro ta’sirlar mavjud bo‘lib,
ularning parametrlari mos ravishda 1 <Rva xR bilan ifodalanadi. Biz (41,4) tekisligini uchta
bog‘langan sohalar G,, G, va G, ga ajratamiz. H,,(0) ning har bir komponenti uning asosiy
spektrining yuqori gismida 0, 1 yoki 2 ta xos qiymatga ega. Biz shuni ko ‘rsatdikki, (1,u)
nugta I, va r; bilan belgilangan ushbu sohalar chegarasida joylashganda, H,,(0) ning yugori

chegara giymati super-bo ‘sag ‘a rezonansiga aylanadi.
Kalit so“zlar: Ikki fermionli tizim, diskret Shredinger operatori, asosiy spektr, super-
bo ‘sag ‘a rezonansi, Lippmann-Shvinger operatori.

CnekTpaJjibHble CBOHCTBA ONEPATOPOB MIPEAMHIEPA I/ ABYX(epMHOHHOM CUCTEMbI
Ha pelIéTKe: COOCTBEHHbIE 3HAYEHUS M PE30HAHCHI.

Annomauusa. Moi ucciedyem onepamopwt Lllpéounzepa H,,(K), 2de K — puxcupoeanmuwlii

K8A3UUMNYILC NAPbl UOCHMUYHBIX (hepMUOHO8 Ha 00HOMepHOU peutemke Z . Cucmema umeem
Kak oaudicatiuue, max u credylowue 3a OIUNCAUMUMU COCEOHUE B3AUMOOCUCMBUs C
napamempamu AR u peR coomeemcmeenno. Mvl pazdensem niockocms (A,u) Ha mpu

ceéasmnvie komnonenmol. Gy, G, u G,. Kaxcoas komnonenma onepamopa H,,(0) obnadaem 0, 1

unu 2 cobcmeennviMu SHAYEHUAMU, J1excaiumu  ebluie 6€pXH€12 cpanuysl eé CYUWeCmeeHHoco



cnekmpa. Mbvl nokasvieaem, umo eepxmuu  nopoz H, (0) cmanoeumcs cynepnopo2oebim

DE30HAHCOM, K020a MOYKA (A, ) 1eHCum Ha pasuyax mexHcoy >SmumMu KOMNOHEHMAMU,
0603HaueHHbIMU KaK Ty u T .

Knrwoueesvie cnosa: J[syxpepmuonnas cucmema, ouckpemuwiii onepamop Ilpéounecepa,
Cyujecmeen blil CHeKmp, Cynepnopo2086bulil pe3onanc, onepamop Jlunnmana-Lllsuneepa.

1. Introduction

Lattice models are important in many areas of physics. They include the lattice two-body
and three-body Hamiltonians, which are simplified versions of the Bose- and Fermi-Hubbard
models respectively, concerning a constant number of a given particle species. It is worth noting
that these two- and three-body lattice Hamiltonians have theoretically interesting in themselves.
They have been studied in various papers, including references [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11].
Furthermore, these discrete Hamiltonians naturally approximate their continuous versions [12],
enabling the study of few-body systems using bounded operator theory.

Unlike the continuous scenario, the two-body lattice system prevents decoupling of the
center-of-mass movement. Nevertheless, discrete translation invariance enables the use of
Floguet-Bloch decomposition (see, for example, [13, Section 4]). Specifically, in the
quasimomentum representation, the total two-particle lattice Hamiltonian H for a system of
identical fermions on a one-dimensional lattice Z with short-range interactions admits a von
Neumann direct integral decomposition:

H= I@ H(K)dK, (1)
KeT
where T denotes the one-dimensional torus and H(K) is the fiber Hamiltonian acting on the

corresponding functional Hilbert space over T. Note that H(K), the fiber Hamiltonians, have a

non-trivial dependence on the quasimomentum, K, which belongs to the one-dimensional torus,
T. (See, for example, the references [14], [15].)

To gain more detailed information, we will focus on a two-term particle interaction. The
first term is non-zero for nearest-neighbor particles. Similarly, the second term is significant only
when particles are next-to-nearest neighbors (see Section 2.1 and Definition (8)). The terms
contain real coupling constants 21 and x. The interaction operator in (quasi)momentum

representation is denoted Vv, .
In this paper, as the entries H(K) in (1), we examine the collection of fiber operators
Hﬂ;t(K):z HO(K)+V}4U K ET’ (2)
where H,(K) is the fiber kinetic-energy operator,
(Ho(K)F)(P)=Ex (P f(p), peT, fel®(T),
with
Ex(p)= 4cos§cos p. 3)

The interaction V,, is an integral operator on L>°(T) with a smooth kernel defined by (12).
Forany 1eR and xeR, formula (12) indicates that the rank of v, is 2.

Note that Vv,, is independent of K. For ,ueR, Hy(K) and V,, are bounded and self-
adjoint operators. Due to the finite rank of Vv, , the essential spectrum of H,,(K) is the same as
the spectrum of H,(K), i.e., it is the segment [€ i, (K), & max (K)1, Where



Emin(K) = —40052, Smax(K)::4cos§.
In this model, we first found the precise number and location of eigenvalues for a given
pair of interaction parameters, 1 and ., of the edge operator, H,,(0).
This study primarily examines how variations in 2 and x cause eigenvalues of H,,(K) to

bifurcate from the essential spectrum, while also analyzing the inverse phenomenon where
eigenvalues merge back into the essential spectrum.

We employ Fredholm determinants as a technical tool to reach this goal. Specifically, we
consider the Fredholm determinant A, (K,z) linked to the Lippmann-Schwinger operator formed

by H,(K) and the perturbation v,, . For any fixed K €T, the eigenvalues of H,, (K)=H,(K)+V,,
are in one-to-one correspondence with the zeros of A, (K,z) (see [16], [17]).

We begin by examining the properties of the Fredholm determinant A,,(z) =A,,(0,z) for
the K =0 case. We define C,(4,4) as the leading term of the asymptotic expansion of A, (z) as
z nears the upper bound of the essential spectrum.

We prove that the zero of A, (z) either emerges from the upper edge of H,, (0) essential
spectrum or merges into it, if and only if C,(4,4) =0 vanishes (see Theorem 4.4). Further, we
show that the curves T, and 1, defined by the equation C,(4,x) =0, divide the (4,x)-plane into
three connected components, G,,G,, and G,. We prove that in each component, G;,j=0,1, or 2,
H,,(0) has a fixed number of isolated eigenvalues, specifically j. In addition, in the combined
sets G, uT, and G, uTy, The count of eigenvalues for H,, (0) also stays the same. Moreover, we
establish that for each (4,4) el and (4,u) T, the essential spectrum of H,, (0) starts at £, (0),
which corresponds to a super-threshold resonance. Furthermore, we have found that the number
of eigenvalues of H,,(0) changes by 1 if the point (4,.) in the parameter plane R? crosses one
of the boundaries 1, and 1, (see Figure 1(b) and Theorem 4.4).

Following the authors of papers [18] and [19], we refer to these boundary curves 1, and 1,
as a coupling curve thresholds of the operator H,, (0). Thus, we carefully examine the dynamics
of the emergence or disappearance of eigenvalues as the values of the parameters (1,z) move
from the origin (0,0) towards infinity by crossing the boundaries of the connected components

G; on the parameter plane R?, where j=0,1,2. These phenomena are described in Theorem 4.4.

In publications [10, 13, 20, 21] the two-particle Schrodinger operator H,,(K), where
K eT? is the quasimomentum of the two particles, is considered. These operators are associated
with the Bose-Hubbard model, which describes a system of two identical particles (bosons or
fermions) on the lattice z? with spatial dimension (1<d <3). In these papers interactions
between the particles are determined by two parameters: A,z R, which represent the strength
magnitud of interactions between particles on one site and the nearest neighbour sites,
respectively.

2. Hamiltonian of a lattice two-fermion system
2.1 The two-fermion Hamiltonian in the position—space representation

Let Z be the one-dimensional lattice and 122 (Zx z) =1?(Z x Z), the Hilbert space of square—

summable antisymmetric functions on ZxZ7 .

In the position-space representation, the Hamiltonian IF]I]W associated with a system of two



fermions with a nearest-neighbor and next-to-nearest-neighbor interactions potential %71# is an
operator on 122 (zx z) of the following form:
I@Hiﬂ:ﬁlo +\A/l#, A pHeR. 4)
Here, H, is the kinetic energy operator of the system, defined on 122 (zZx7) as

[Ho f1(x,y) = D ax-m)f(m,y)+ > 2y-n)fxn), f el (zx2), (5)
meZ nez
where
o L IXIEDL
g(x)'{o, X1, ©)

where xez. The first and second nearest-neighboring-site interaction potential ¥ 1S the
operator of multiplication by a function v, ,

[V, Tl ) =05, (x= W) f(x y), f €1??(Zx ), 7)
where
A, | x|=1,
\7)41 (X) = M, | X |: 21 (8)

0, in other cases.

Obviously, all the three operators H,, VM, and ]ﬁliﬂ (for A,ueR) are bounded and self-
adjoint.
2.2 The two-fermion Hamiltonian in the quasimomentum representation
Let T be the one-dimensional torus, T = (R/27Z)=[-x,z). The torus T represents the

Pontryagin dual group of Z, equipped with the Haar measure dp. Let L>*(TxT) be the Hilbert

space of square-integrable antisymmetric functions on TxT.
The quasimomentum-space version of the Hamiltonian (4) reads as

H,, = (F ® F)H,, (F®F),
where F® 7 denotes the Fourier transform. The operator H,, acts on L**(TxT) and has
the form H,, =H, +V,, , where H, = (F ® F)H,(F ® F)" is the multiplication operator:

[Hyo f1(p,q) = [e(p) +(a)]f (p,a),
with
g(p)=2cosp, peT,
the dispersion relation of a single fermion. The interaction v,, :(f®5f)%# (FOF)" is the
integral operator

1
[V £1(p.0) =~ [V, (p-w)f(u, p+q —u)d
T
with the kernel function
V. (P) = AcCOSp+ pcos2p
2.3 The Floquet-Bloch decomposition of H,, and discrete Schrédinger operators
Since ]ﬁllﬂ commutes with the representation of the discrete group Z by shift operators on

the lattice, the space L>*(T=T) and H,, can be decomposed into the von Neumann direct integral
as (see, e.g., [14])



L23(Tx T)= J‘ 20Tk (9)
KeT
and
D

Hy, =[Ha (KK, (10)
where L>°(T) is the Hilbert space of odd functions on T. The fiber operator H,,(K), KeT, in
(10) acting on L2°(T) is of the form

H,, (K) = Ho(K)+V,,, (11)
where the (unperturbed) operator H,(K) is the multiplication operator by the function (3) and the
perturbation operator v, is given by

IV, F1(p) = Asin pjsin t (t)dt + “ sin 2 pjsin 2tF (t)dt. (12)
T T
T T

Obviously, both the operators H,(K) and Vv,, are bounded and self-adjoint. In the
literature, the parameter K < T is called the two-particle quasimomentum and the entry H,, (K) is

called the discrete Schrédinger operator associated to the two-particle Hamiltonian H "
2.4 The essential spectrum of discrete Schrodinger operators

Depending on A, <R, the rank of v,, varies but never exceeds two. Hence, by Weyl’s
theorem, for any KeT the essential spectrum o (H,,(K)) of H,, (K) coincides with the
spectrum of H,(K), i.e.,

Tess (H 1, (K)) = o (H (K)) = [€ i (K), € e (K], (13)
with
Emin(K) = rFEiQSK(p) = —4cos§ 2Emin0)=-4, & x(K)= TS%SK (p) = 4cos%£5max (0)=4.

3. Auxiliary statements
3.1 The Lippmann-Schwinger operator
Let {«;,i =1,2} be a system of vectors in L*°(T), with
ay(p) =0y () = 20 (15)
One easily verifies by inspection that the vectors (15) are orthonormal in L2°(T). By using
the orthonormal systems (15) obtains
Vot =Afa)ay + u(f,ay)a, (16)
where (--) is the inner product in L2°(T). For any z eC\[-4,4] we define (the transpose of)
the Lippmann-Schwinger operator (see., e.g., [22]) as
B, (0,2) =-V,,Ry(0,2),
where R,(0,2):=[H,(0)-21]1",z eC\[0,4], is the resolvent of the operator H,(0).
Lemma 3.1 Foreach A,u<R the number zeC\[-4,4] is an eigenvalue of the operator
H,,(0) if and only if the number 1 is an eigenvalue for B, (0,2).

The proof of this lemma is quite standard (see., e.g., [16]) and, thus, we omit it.
The representation (16) yields the equivalence of the Lippmann-Schwinger equation

B,.(0.2)p =9, ¢ e L*°(T) (17)
to the following algebraic linear system in x; = (¢,¢;),i =1,2:




{(1+ Aa(z))x, + Ac(z)x, =0, (18)
He(2)%qy + (14 1b(z))x, = 0.
where
_ 1 sin*pdp 19
RS PR o
_ 1 (sin®2pdp
b(z) == | 3N <FF 20
@ ”Tgo(P)—Z (20)
:l sin psin2pdp. 21
A e - @)

Thus we write
A, (2) = det[l - B, (0,2)],z e C\[-4,4].
Lemma 3.2 A number zeC\[-4,4] is an eigenvalue of the operator H,, (0) if and only if
A, (2)=0. (22)
The proof of this lemma is quite standard (cf., e.g., [20, 21])
Lemma 3.3 Forany 4,u<R the determinant A,,(z) has the form

A (2) = Ao (2)A, (2) - A% (2), (23)

where
A0(2) =1+ 2a(z2), (24)
AO;[ (Z) = 1+ ,Ub(Z), (25)

Proof. Direct computation of the determinant gives the result.
Lemma 3.4 The functions a(z),b(z) and c(z) defined in R\[-4,4] are real-valued and,

moreover, they are strictly increasing in (4,+x) , with the following asymptotics:

a(z) = —l+£\/ —4+0(z2-4),z—>4", (26)
b(z)=—1+\/_\/ ~4+0(z-4),z— 4%, (27)
c(z)——l+£\/ ~4+0(z-4),7— 4", (28)

where vz -4 denotes the branch of the corresponding analytic function that is real for z > 4.
Proof. The proof of this lemma is similar to that of Lemma 4.4 in [10].
Lemma 3.5 The function A, (z) is real-valued in R\[-4,4] and has the following

asymptotics:

A, (2) =Co(A 1) +Cy (A Nz -4 +0(NZ—-4),7— 4, (29)
where
Colut) = 5 du - =31 +1 (30)
and

Cl(ﬂ,,u)=—g/l,u+\/§,u+%/1.

Proof. Given Lemmas 3.3 and 3.4, the proof can be obtained by direct calculation.
Next, we will study the number and location of the roots of the functions A,, and A,,,

which are defined in (24) and (25).



Lemma 3.6 Let 1<R and let 4, =2. Then:
(i) If 1< 4,, then A ,,() has no roots in (4,+x) .
(i) If 2> 4,, then A ,,() has a unique root ¢ (1) in (4,+x).
Lemma 3.7 Let xeR and let y,, beasin (31). Then:
(i) If 1< 1101, then Ay, () has no roots in (4,+x) .
(i1) If 4> pyy, then A, () has a unique root ;(u) in (4+x).
Proof. Both Lemmas 3.6 and 3.7 are proven by using the representations (24) and (25)
from Lemma 3.3 and the asymptotical formulae for a(z), b(z) and c(z) from Lemma 3.4.
4 Main results
4.1 The threshold resonances of the Schriodinger operator
Definition 4.1 Let the equation H,, (0)f =£,,(0)f has a nonzero solution
f e L*°(T)\ L*°(T) . Then the upper threshold &, (0) is called super-threshold resonance.
We introduce the notations:

Uor =1, pep, =2 and a, =4 (31)
Hence, the numbers x,, and u,, satisfy the relations
0 < toy < Hop- (32)

By using the numbers u,,, uy, and a,, defined in (31), the function C,(4, ) can be written
in the following forms:

Colh ) = %[—ao (= tton) + At~ t1g0)]. (33)

Lemma 4.2 The set of points satisfying the equation C,(4,) =0 coincides with the graph of
function A(w):
Au) =2y M’ﬂ € R\{upp}-
H = Ho2
Proof. Now we prove that C,(4,x)=0 implies u—uy, =0, i.e., the following system of
equations has no solution
{Co (A4,u)=0
M= g =0
Using the representation (33) and taking into account the second equality in (34) we obtain
the following equivalent system

(34)

{# —Ho1 =0
M=o =0
since by (32) the numbers uy, and uy, are different from each other, this system has no solution.
Thus Cy(4, ) =0 implies u— uy, #0, and vice versa.
We also introduce the following notations:
lo = (=0 1), 11 = (1gp, ).
The straight line
H= Hy
divides the graph of the function A(x) into two continuous curves (I,,I;):
Ty ={(ku) e R? 1 A() = ao'u:—flz:,,ue 1,},i=0,L
The curves T, and 1, divide the (4,u)-plane into three connected components G,, G,, G,



(see Fig 1(a)):

Go={(A, 1) e R? :A(u) <ag 2 e 1},
H— Ho2

Gy ={(h 1) € R? :A(11) > 8y 2 1y € 1} O{(4 1) € R? 2 A(u) <3, 2% e 1.},
H— Hp2 H— Ho2

G = () R A0 > 20 —H e 1}
—H02

For further consideration, we will rewrite the coefficient C,(4,x) in the same way as we did
for C,(4, 1) in equation (33):

Ci(Au)= _@[_al(,u — 1) + A1 — )],
where
=0, mp =1 and a =4,
and satisfy the inequalities
0=ty <y = po1 < pop, 0<@ =ay. (35)
The curve on the (4, x) -plane, defined by the equation C,(4,) =0 coincides with the graph

of the function A(u) = a, 2—1  which consists of hyperbolas with asymptotes at x =z, . These
M=t

curves do not intersect the curves C,(4,2) =0 and partition the plane R? into three connected

components (see Appendix A).
Theorem 4.3 Let G be one of the above connected components G,, G, and G,. If

(2, p) G, the number n_(H,, (0)) of eigenvalues of H,,(0) lying above the essential spectrum
oess (H 4, (0)), remains constant.

Proof. The proof of Theorem 4.3 is analogous to proof of Theorem 3.2 (see, [13]).
Theorem 4.4 For any A,ueR, the number of eigenvalues of H,,(0) lying above the

essential spectrum, as well as the super-threshold resonance of H,,(0), can be described as

follows:
(1) For any (4, u) e G,, the operator H,,(0) has no eigenvalues above the essential

spectrum.
(if) For any (4,u) eI, the operator H,,(0) has no eigenvalues above the essential

spectrum. But £, (0) is a upper super-threshold resonance of H,,(0). The corresponding
resonance functions are of the form:

A .
sin2p)C
2 p)

(sin p+

50(p)—5max(0)

fl,u (p) =

Here, the constant C is a nonzero real number.
(iii) For any (4,u) G, , the operator H,,(0) has one eigenvalue z,(4,.;0) above the
essential spectrum, and the associated eigenfunctions are of the form:
(sin p+k(z, (4, 1,0))sin2p)C
Eo(P)—21(4, 1;0)
AAO(ZI).
Ac(zy)

Fu(P) = (36)

where C is a nonzero real number and k(z,) =



(iv) For any (4,u) eIy, the operator H,,(0) has one eigenvalue z(4,4;0) above the
essential spectrum. Moreover, &, (0) is a upper super-threshold resonance of H,, (0).
(v) Forany (4,u) €G,, the operator H,, (0) has exactly two eigenvalues, z (4, ;0) and

z2,(4,4;0). These eigenvalues satisfy the inequalities
4 <25(A,150) < 2, (A, 1,0),
and the associated eigenfunctions are of the form:

i (sin p+k(z; (1, 1,0))sin2p)C
()= ' : 37
ﬂ*‘ E0(P)~2,(4, 0) 7
where C is a nonzero real number and k(z;) = %(Zzi)),i =1,2.
ot I = = - _
a‘ ™ R » ! 0
(@ (b)

FIGURE 1. (a) The connected components Go, G;, G, and their boundaries,
(b) Partition of the (A, 1) -plane of parameters A, 2 € R in the connected components G, = 0,1,2 (see Theorem 4.4).

5. Proofs of the main results
In this section we prove our main result, Theorem 4.4.
Proof of Theorem 4.4. We only prove items (iii), (iv) and (v). The remaining items can be
proven similarly.
(iii) Assume (1,4)eG,. By Lemma 3.7, for any u> u, the operator H,, has unique

eigenvalue in (4,+) at the point (0,) € G,. Then by Theorem 4.3 for any (4,u) G, the operator
H,,(0) has unique eigenvalue in (4,+x).
(iv) If (4, ) ey, then the item (ii) of Lemma 6.1 yields that
Ci(4, 1) <0.
Since the function f(z)=+z-4 is real-valued, positive, and strictly increasing on the
interval (4,+«), it follows that
C,(A, uWz-4<0, 7e(4+0).

Thus, there exists a number s such that
Ay (2) <0, ze(44+9)

where 5>0 is a sufficiently small number.
Additionally, we have



lim Al,u(z) =1.
Therefore, the function A, (z) has only one root z,(4,4;0) satisfying
4 < 7,(4, 15;0).
Otherwise it would have at least three roots in (4,+) , but this is impossible.
Hence, Lemma 3.2 implies that the operator H,,(0) has unique eigenvalue above the

essential spectrum.
We will prove that £, (0) is a super-threshold resonance of H,, (0).

By Lemma 3.1, the operator H,, (0) has eigenvalue zeC\[-4,4] if and only if the
homogeneous equation (17) has a nonzero solution ¢ e L2°(T), and the associated eigenfunction,
given by

fu =Ro(0,2)p (38)
belongs to L2°(T).

From (18) by the asymptotics of the functions a(z),b(z),c(z) z— &, (0)" Yields that

(1—3/1)c1 —lﬂcz =0,
, 2 2 (39)
_Ezucl +(1-p)C, =0.
Due to the Lemma 3.5, we obtain that
A (€ max (0)) = Co (4, ).

We have C,(4,u)=0. From system (39), we express one of the unknown coefficients in

terms of the other:

2-1
Then, the function ¢(p) can be rewritten as
o(p) = (sin p+ 2:1/7“sin 2p)C,
where C, is a nonzero real number.
The equation (38) gives
(sin p+ :1'1 sin2p)C

f(p)=f,(p)=

go(p)_gmax(o)

Since the functions ¢(p) and (£,(p) - & (0)) behave like | p| and | p|? near the point 0,
for any ¢ (0,1), we can conclude
[1tu@Fdp=iim Lo dp
T Ema @3 | Eo(P) - 7|
and

_ lo(p)ldp _

f dp = o = oo,

£| wPlop= im L=
Therefore, f,, «L°(T), but f,, ¢ L"°(T).

(v) Let (4, ) eG,. By the definition of the set G,, the following inequality holds:

Co(4,1) >0.



Consequently, Lemma 3.5 implies:

!mAM (z) > 0. (40)

Using the Lebesgue Dominated Convergence Theorem, we also have:

ZirEwA,lﬂ(z) =1. (41)

By Lemmas (3.6) and (3.7), for any 1>, and x> 1, the functions A () and A, () have
unique zeros, denoted as ¢(1) and n(u), respectively. Moreover,

c?(¢(A)>0 and c*(n(w))>0.

In this case, A,,() takes negative values either at z,=¢(1) or z,=n(x). Using the
asymptotics in (40) and (41) at z=4 and at z =+, and the continuity of A, (), it follows that
A,, () has two zeros:

Z,(4, 1:0) € (4,2y) and  z;(4, 1;0) € (2, +).
Thus, A,, () has exactly two zeros in the interval (4,+).
By Lemma 3.2, the operator H,, has exactly two eigenvalues above the essential spectrum.

Appendix A
Lemma6.1 Let A, ueR.

(i) For any (4, u) eIy, the inequality C,(4, ) >0 holds.

(ii) For any (4, u) eIy, the inequality C, (4, ) <0 holds.

Proof. (i) Let (4,u) eI, then C,(4,1)=0. By definition I, and (35) the following
inequalities

M= g <0
hold. Therefore
2 2 -1 2
Ci(d ) = —%[ﬂ(ﬂ—l) —4u]= —%[4”—(;1—1) —4u]=- V2 > 0.
u—-2 H—2
(if) Let (1, 1) eTy, then Cy(4, ) =0. By definition 1, and (35) the following inequalities

M= pgz >0 (42)
hold. Similarly, using inequality (42), we obtain

Cl(ﬂ'iﬂ) <0.

Corollary. The curves defined by the equations C,(4,x)=0 and C;(1,x)=0 do not

intersect.
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